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Abstract. We have measured, using the pulsed neutron source ISIS, the total neutron cross section
of liquid para-hydrogen in the vicinity of the triple point. The experimental results compare only
qualitatively with the results of the Young and Koppel theory. However, a much better agreement
is found once modifications are included in the model which effectively take into account the
intermolecular interactions.

1. Motivation

In the experimental investigations of the microscopic structure of quantum liquids, hydrogen
is one of the most interesting cases. In fact, the peculiar behaviour of a quantum liquid
can be considered to arise from the delocalization of the particles, due to the spread of its
wave packet as measured by the de Broglie thermal wavelength3DB = h/(2πMkBT )1/2 [1].
Hereh is Planck’s constant,kB is the Boltzmann constant,M is the particle mass, andT is
the temperature. When3DB becomes sizable with respect toσ (the hard-core diameter of
the particle), quantum diffraction effects start to emerge. However, the particles retain their
distinguishability and Boltzmann statistics still applies. In contrast, at very low temperature,
when3DB becomes comparable with the average interparticle distance,l, the delocalization is
such as to allow the occurrence of exchange effects, and quantum statistics begins to play a role.
As is known, liquid4He belongs to the latter category and its microscopic properties are strongly
related to the quantum Bose statistics. However, liquid hydrogen is not affected by quantum
exchange, and its microscopic properties are only determined by quantum diffraction [2].

Therefore, hydrogen is a very important example for studying the quantum diffraction
properties of matter, without having to introduce the complication of quantum statistics, but
in a situation where the effects of delocalization are relevant and cannot be simply considered
as small perturbations of a substantially classical behaviour. Such an intermediate case is very
important because theories and simulation techniques are much more easily implemented in the
absence of quantum exchange, when the individual molecules can be modelled as Boltzmann
particles [3]. Quantitatively, the situation is depicted in table 1.

Due to the large incoherent neutron scattering cross section of protons, neutron diffraction
experiments on hydrogen are extremely difficult. However, the experimental information
on the microscopic structure of hydrogen is of fundamental importance. For this reason,
we have carried out, recently, a neutron diffraction experiment on liquid hydrogen. The
data were good enough (and the instrumental set-up stable enough) for us to obtain the
thermodynamic derivatives of the microscopic structure factor [4]. Nonetheless, the analysis
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Table 1. Evaluation of quantum effects for common quantum liquids. The subscripts CP and TP
refer to the critical point and to the triple point, respectively. For helium, TP indicates theλ-point.
3DB is the de Broglie wavelength defined in section 1. The parametersσ and l represent the
hard-core diameter of the particle and the average interparticle distance, respectively.

TCP TT P nCP nT P

System (K) (K) (nm−3) (nm−3) (3DB/σ)CP (3DB/σ)T P (3DB/l)CP (3DB/l)T P

He 5.20 2.18 10.47 21.99 1.50 2.31 0.84 1.66
H2 33.19 13.96 9.00 23.06 0.72 1.11 0.44 0.94
D2 38.34 18.71 10.44 25.99 0.47 0.68 0.31 0.60
Ne 44.4 24.55 14.31 37.2 0.21 0.29 0.14 0.26

of the experimental data was rather difficult and we were unable to obtain reliable results
on the structure factor. The main reason for this disappointing result, which however was
considered likely in the experimental planning, resides in the difficulty of subtracting correctly
the large incoherent intramolecular contribution from the coherent neutron diffraction data. In
particular, one of the hard problems that we had to face was the lack of precise information on
the incoherent cross section of para-hydrogen, for the large energy range that is relevant to a
neutron diffraction experiment carried out at a pulsed source. In fact, using the data that were
available in the literature, it was virtually impossible to work out a reliable correction procedure,
due to the unfavourable ratio between the coherent and the incoherent cross section. On the
other hand, a detailed knowledge of this quantity would allow us to develop an accurate model
which, in the end, could possibly help in solving the problem of extracting the microscopic
structure factor of light molecular hydrogen from the neutron diffraction experimental data.

To this end, we have planned a direct measurement of the neutron total cross section of
molecular hydrogen, in the liquid phase, in the range of neutron energies that is available
on a pulsed neutron source. In this paper we report on this experiment and we make some
comparison with the results from the available theoretical models. In section 2 we give a
detailed description of the experimental set-up. The analysis of the data and the extraction
of the relevant experimental information is described in section 3. In section 4, we discuss
the theoretical model and its comparison with the results. Finally, in section 5, we draw the
conclusions of this work.

2. Description of the experiment

The experiment was carried out on the PEARL (Pressure and Engineering Advanced Research
Line) beamline of the pulsed neutron source ISIS (UK). As the beamline is normally used for
mechanical stress experiments, the local instrumentation was not suitable for our needs and we
had to build a new pair of neutron detectors for a transmission experiment. In order to monitor
the primary beam before and after it hits the sample, we used two thin vanadium foils. These
had to be thick enough to give a relevant signal, but not so thick as to increase the expected
neutron background. In addition, in order to reduce the effect of the presence of the vanadium
foils on the sample, these were placed quite far apart from the sample container. We evaluated
that, in our experimental geometry, the effect of the vanadium on the sample was smaller than
10−4, i.e. well below the planned accuracy of the experiment.

The neutron detectors were made of lithium glass scintillators placed in closed contact
with the window of the photomultipliers. The detectors (and the photomultipliers) were placed
into a cylindrical well (wall thickness 10 cm) made of a boron-carbide-based resin (crispy mix)
contained in an aluminium box. The well depth was much longer than the photomultiplier.



The total neutron cross section of liquid para-hydrogen 10231

Therefore, only that portion of the vanadium foil that was hit by the neutron beam was visible
by the detector.

In a transmission experiment, it is very important that the relative stability of the two
monitors be very good over a long time period. To this end, we selected a pair of photo-
multipliers whose characteristics were very similar. Moreover, the relative stability of the two
monitors was checked, on the timescale of several days, with satisfactory results. In particular,
we found that the absolute stability of each monitor, taken separately, was of the order of 2%
on a 24-hour timescale. However, since the measured drifts were probably due to temperature
changes of the experimental hall, the measured relative stability of the two monitors turned
out to be much better (of the order of 0.2%, on a 24-hour timescale). Also, we could safely
use shorter sampling times, thus increasing the overall accuracy of our detection system.

The sample container was made of a flat cylindrical cell (diameter 55 mm, nominal
thickness 2.5 mm), made of aluminium alloy, which was fixed to a copper thermal reservoir.
This, in turn, was connected to the cold head of a liquid-helium cryostat. In addition, the
sample container was connected with the external gas-handling system by means of a 1/16′′ OD
stainless steel tube, wrapped with an electric heater to avoid blockage. Inside the scattering
cell, out of the neutron path, we had inserted a solid catalyst made of Cr2O3–γ Al2O3, in order
to increase the rate of conversion from ortho- to para-hydrogen.

The empty system was cooled down in the neutron beam and the reference transmission
factor was measured. The relative distances between the sample and the vanadium foils, and
between the vanadium and the detectors, were measured as accurately as possible using a
meter. However, due to the difficult experimental conditions (the neutron path between the
two vanadium foils was evacuated) we could only reach an accuracy of a few mm. A much
better accuracy was obtained by inserting a thin uranium foil in the beam, upstream with respect
to the sample, and using its resonances to calibrate the various distances [5].

Once the set-up was calibrated, and the reference transmission factor was measured,
liquid hydrogen was condensed directly into the scattering cell. The temperature was set to
T = 16.0 K and we set the pressure top = 0.3 bar (the vapour pressure of hydrogen at this
temperature isp = 0.216 bar) to make sure that the cell was full of liquid. The liquid sample
was then subjected to small, rapid, temperature variations so that turbulence was induced that
led to a continuous and efficient interaction with the catalyst. The rate of convergence was
measured by observing the low-energy behaviour of the total neutron cross section. In fact, in
the low-energy region, the scattering cross section of para-hydrogen is much lower than the
corresponding cross section for normal hydrogen. Therefore, we could observe, in real time,
the evolution of the sample towards thermodynamic equilibrium. Due the sample being thin,
almost 20 hours were necessary to reach the thermodynamic equilibrium which, eventually,
was obtained on the following day with an estimated composition of 99.96% of para-hydrogen.

As a final consideration, we point out that for each configuration we have carried out
several runs of 5–6 hours in order to check the stability of the experimental set-up as well as
the acquisition electronics. The overall stability of the sample, during the whole experiment,
turned out to be very good, with a temperature stability within 0.2 K with respect to the set
point, and an equivalent pressure oscillation in agreement with the equation of state of liquid
para-hydrogen. The density of the sample,ρ, has been derived using reference [6].

3. Data analysis and results

As a first step, we have verified the stability of the spectra by comparing the different sub-runs.
As the average differences turned out smaller that the statistical fluctuations, we could add the
various sub-runs in order to reduce the statistical error. Then, we transformed the spectra from
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the time of flight to the incident wavelength (or energy) using the results of the calibration
measurement, according to the standard technique (see for example: reference [7]). We point
out, in this context, that the background was measured, for both experimental configurations
(empty and filled cell), leaving the incident neutron beam on and slightly turning the monitors
so that the vanadium foils were not directly seen by the detectors. After subtracting the
background, we obtained, for each experimental configuration, the ratio between the signals
of the two monitors. This was in order to eliminate the effect of the intensity distribution
of the incident neutron beam. Then, in order to eliminate the efficiency of the detectors, the
scattering power of the vanadium foils, the attenuation of the aluminium can, and that of the
first vanadium foil, we evaluated the ratio of these quantities. Finally, we were able to obtain
the total cross section of liquid para-hydrogen from

σ(λ0) = −1

ρt
ln

{
(IS2 − BS2)

(IS1 − BS1)

(IC1 − BC1)

(IC2 − BC2)

}
(1)

whereI is the intensity measured from the vanadium monitor andB is its background. The
subscriptsS andC refer to the container filled with para-hydrogen and to the empty cell,
respectively. The subscripts 1 and 2 refer to the monitor placed before (1) and after (2) the
sample. The sample thickness,t , is a very important parameter for the data analysis. We used
a value (t = 2.66 mm) that was determined, after completing the experiment, by averaging the
measured distribution of the cell thickness (as a function of the displacement from the centre)
with and without the same overpressure as in the experiment.

In figure 1 we show the typical raw data patterns for the transmission monitors. The
higher spectrum is the reference pattern (empty cell), while the other is the one taken with
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Figure 1. Raw data patterns taken on the transmission monitor. The higher spectrum is the
reference pattern (empty cell) while the lower spectrum is obtained with the liquid para-hydrogen
filling the sample container. The lowest pattern is the measured background. In the inset we show
the ratio between the two spectra.
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liquid para-hydrogen filling the sample container. Some Bragg peaks, originating from the
various metal parts in the beam, are superimposed on the wavelength distribution of the incident
neutron beam. The lowest pattern is the measured background. In the inset, we show the ratio
between the two measured spectra showing the characteristic decrease of the para-hydrogen
cross section in the long-wavelength region. The large decrease of the measured cross section
at low energy is peculiar to para-hydrogen in the stateJ = 0. In fact, when the neutron energy
is so small that no intramolecular transition is allowed, the para-hydrogen molecule behaves
as a monatomic substance characterized by a scattering length that is simply given by the sum
of the coherent scattering lengths of the two protons.

4. The theoretical model(s)

The Young and Koppel theory [8] models liquid hydrogen taking into account the spin cor-
relations, rotations, and vibrations. These intramolecular modes are taken into account exactly,
to the extent that vibration–rotation coupling can be neglected and that the vibrations can be
considered harmonic. However, in the original work by Young and Koppel (YK), a perfect-gas
model (no intermolecular interactions) was assumed for the translation dynamics. Within this
approximation, the cross section is simply given by the molecular self-term; that is,

d2σ

d� dE1
= X(e)

Z(e)
s2
ee(i)

∑
J=even

f (J )
∑

J ′=even

∑
v

(
k1

k0

)(
M

2πQ2kBT h̄2

)1/2

× exp

{
−M [1E(J, J ′, v)]2

2h̄2Q2kBT

}
× α2v

4v!
(2J + 1)(2J ′ + 1)

∑
L=even

(2L + 1)

(
J J ′ L

0 0 0

)2

|ALv(α, β)|2

+
X(e)

Z(e)
s2
eo(i)

∑
J=even

f (J )
∑

J ′=odd

∑
v

(
k1

k0

)
· · ·

∑
L=odd

(2L + 1) · · ·

+
X(o)

Z(o)
s2
oo(i)

∑
J=odd

f (J )
∑

J ′=odd

∑
v

(
k1

k0

)
· · ·

∑
L=even

(2L + 1) · · ·

+
X(o)

Z(o)
s2
oe(i)

∑
J=odd

f (J )
∑

J ′=even

∑
v

(
k1

k0

)
· · ·

∑
L=odd

(2L + 1) · · · . (2)

Here,k0 andk1 represent the momentum of the incident and scattered neutron, respectively,
while Q is the momentum transfer. The initial vibrational state of the molecule is assumed to
bev = 0 while f (J ) is the weight of the initial rotational stateJ . The final rotational and
vibrational states are indicated byJ ′ andv, while( · · · · · · · · ·

· · · · · · · · ·
)

indicates the 3J symbol. The quantitiesX(e) andX(o) are the fractions of molecules in an
even or anodd rotational state (e.g. pure para-hydrogen is characterized byX(e) = 1 and
X(o) = 0). Also, Z(e) andZ(o) are theeven and odd rotational partition functions. The
four functionss2(i), wherei is the nuclear spin, are combinations of the bound coherent and
incoherent scattering lengths (acoh andainc, respectively) of the nucleus and depend on the
quantum statistics of the molecule. Their expressions for hydrogen are [9]

s2
ee(H2) = 4a2

coh (3)
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s2
oo(H2) = 4a2

coh +
8

3
a2

inc (4)

s2
eo(H2) = 4a2

inc (5)

s2
oe(H2) = 4

3
a2

inc. (6)

The functionALv(α, β) was introduced by YK and is defined as [9]

AL,v(α, β) =
∫ +1

−1
dη PL(η)ηv exp

{
−α2η2

2
+ iβη

}
(7)

wherePL(η) is the Legendre polynomial of orderL, α = Q(h̄/2Mωv)
1/2, andβ = (QDe/2).

Here,M, ωv, andDe are the molecular mass, the circular frequency of the intramolecular
vibrational transition, and the equilibrium distance of the two nuclei, respectively. Finally,
1E(J, J ′, v) represents the energy balance and is defined as

1E(J, J ′, v) = [E0 + E(J )] −
[
E1 + E(v) + E(J ′) +

Q2h̄2

2M

]
(8)

whereE0 andE1 represent the energy of the incident and scattered neutron, respectively,
andE(J ) andE(v) are the rotational and vibrational energies. The last term represents the
translational energy gained from the molecule.

Using the YK theory, and adding the small contribution coming from the absorption cross
section, it is possible to evaluate the total neutron cross section for liquid para-hydrogen and the
results are shown in figure 2. We point out that no fitting parameter has been used and that the
comparison is carried out on an absolute scale. We observe that the model gives a rather good
description, though qualitative, of the overall experimental cross section. However, it retains
the relevant features of the cross section and should constitute a good reference point for a
perturbation treatment. For example, it is interesting to observe that the rising edge of the cross
section corresponds roughly to the first rotational transition (J = 0, J ′ = 1, E1J = 14.5 meV),
while the energy corresponding to the vibrational transition is beyond the position of the second
peak. Thus, the observed structure in the cross section is mainly due to the rotational structure
of the molecules.

Even though the overall agreement observed in figure 2 is only qualitative, we observe
that it becomes quantitatively relevant in the short-wavelength region (high-energy neutrons),
especially in the region of energies beyond the first vibrational transition (Ev = 0.545 eV),
where the intermolecular interactions are known to be less and less important. This is not
unexpected, as the YK theory describes the hydrogens in the absence of interactions, i.e. in the
condition of a very dilute gas phase. As the density increases, the effect of the intermolecular
interactions increases too and the model is expected to fail, especially in the long-wavelength
region.

In principle, the intermolecular interactions of hydrogen are composed of isotropic and
anisotropic contributions. However, it is well known that the anisotropic contribution is
negligible, as hydrogen, even in the condensed phases, behaves as an almost free rotor [10].
Therefore, it is a good approximation to assume that the intermolecular interactions are driven
by a spherical potential. An even further simplifying assumption is to consider the effect of the
free volume decreasing, as a function of density, from the ideal-gas limit to that of the dense
liquid. Since hydrogen is a quantum fluid, the first effect of decreasing the free volume is an
increase of the centre-of-mass kinetic energy according to the uncertainty principleδr δp > h̄.
This is a well known effect [11,12] and we could use this result for improving the YK theory.

In a recent paper, we generalized the model taking into account only the isotropic com-
ponent of the intermolecular potential [13]. In fact, by means of Path Integral Monte Carlo
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Figure 2. The total neutron cross section of liquid para-hydrogen atT = 16 K. Comparison
between the experimental results and the YK theory. The agreement is only qualitative.

(PIMC) simulations, we are able to compute the effective kinetic energy of the molecular
centre of mass of molecular hydrogen [14,15]. This value could be used to define an effective
temperature,Teff , according to the equation

〈Ek〉 = 3

2
kBTeff . (9)

This effective temperature was used in the width of the translational Gaussian distribution in
place of the true temperature (cf. equation (2)). In this way, we have defined a modified Young
and Koppel (MYK) model which is expected to be more suitable for describing the liquid phase
of para-hydrogen. In addition, to further improve the model, we used, for the vibrational and
rotational levels, the measured correction terms that account for the centrifugal distortion and
the anharmonicity corrections [13].

If we compare the experimental results obtained from the present experiment with the ones
derived from the MYK model we arrive at the results that are depicted in figure 3. Obviously,
as the MYK model does not take into account the details of the intermolecular interactions,
the agreement is not perfect, especially in the intermediate region, where the intermolecular
interactions are important and cannot be accounted for by simply renormalizing the kinetic
energy of the molecular centre of mass. Nevertheless, with respect to figure 2, we observe that
we have passed from a qualitative to a rather quantitative agreement, with the computed model
crossing the experimental data at a few points. As was expected, no changes are observed in
the short-wavelength region where the role of the intermolecular interactions is known to be
less important.
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Figure 3. The total neutron cross section of liquid para-hydrogen atT = 16 K. Comparison
between the experimental results and the MYK model. The overall agreement is improved and the
theoretical results now cross the data at (at least) three points.

It is clear, from figure 3, that the intermediate region is affected by the details of the
intermolecular interaction and therefore it cannot be quantitatively accounted for by our over-
simplified model. Moreover, also the long-wavelength limit of the cross section does not
seem to agree with the calculation results. In fact, the slight increase of the absorption cross
section is not sufficient for the experimental behaviour to be recovered in the regionλ > 3 Å.
The measured increase of the cross section is explained, in the literature, as the effect of an
increment of the apparent flux of the scattered neutrons that is determined by the transfer of
the thermal energy from the target to the neutron (cf. reference [16]). This effect, however, is
taken into account by the calculation. Therefore, the experimental data suggest that something
else may play a role in producing the observed effect.

4.1. The low-energy limit

The YK theory is rather complex and is not possible, in general, to evaluate analytically the
total cross section. However, this task becomes possible in the low-energy limit (LEL). The
total cross section is obtained integrating equation (2) both over the final energy and the solid
angle. That is,

σ(E0) =
∫ 2π

0
dφ

∫ π

0
sin(θ) dθ

∫ ∞

0
dE1

d2σ

d� dE1
. (10)

For liquid para-hydrogen, when the energy of the incident neutron is so small that no intra-
molecular transition can be excited, the double-differential cross section reduces drastically
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(cf. equation (2)). First, only theJ = 0 state is populated. Then, only theJ = 0 → J = 0
transition is allowed. Therefore, all the sums in equation (2) disappear and only the first term
s2
ee(i) contributes to the cross section.

Thus, equation (10) can be worked out and, after some tedious but simple calculations,
reduces to the LEL expression:

σ(E0) = 2s2
ee(i)

√
επ

(1 +γ )2

∫ π

0
sin(θ) dθ

∫ ∞

0
dq q

sin2[qa(k0)]

[qa(k0)]2
exp{−b(E0)q

2}

× exp

{
−ε

[
cos2(θ) − q cos(θ) +

q2

4

]}
(11)

where: γ = m/M is the ratio between the neutron massm and the molecular massM; θ is
the scattering angle;ε = E0/(γ kBT ) represents a normalized energy; andq = Q(γ + 1)/k0

is a normalized momentum transfer. The quantitiesa(k0) andb(E0) contain the molecular
parameters and are defined as

a(k0) = k0De

2(γ + 1)
(12)

b(E0) = E0γ

Ev(γ + 1)
(13)

whereEv = h̄ωv is the vibrational energy interval in the harmonic oscillator model of the
isolated molecule. It is worthwhile to note that in the limitDe → 0, the molecular form factor
in equation (11) tends to 1. In addition, whenE0 � Ev, the Debye–Waller factor also tends
to 1 and the total cross section reduces to the expression for the monatomic ideal gas (the
ideal-gas limit, IGL, corresponding to equation (3.167) of reference [16]).

For the sake of clarity we show, in figure 4, the comparison between the full numerical
integration of equation (2) (full line) and its low-energy limit (LEL) represented by equ-
ation (11) (full squares). In the lower figure we report the YK model for para-hydrogen at
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Figure 4. Comparison between the full numerical integration of equation (2) (full line) and its
low-energy limit (LEL) given by equation (11) (full squares). The lower figure is related to the YK
theory (T = 16 K) while the upper figure represents the MYK model (Teff = 45.3 K). The dotted
lines represent the ideal-gas limit (IGL).
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T = 16 K as well as the LEL results evaluated at the same temperature. We see that the long-
wavelength limit is respected. However, going to short wavelengths, the LEL cross section
decreases to 0. This is due to the effect of the molecular form factors. Should we have used the
molecular terms identically equal to 1 (the IGL), we would have obtained values converging
to 3.13 barns per molecule (cf. the dotted line), i.e. the value that results from adding together
the nuclear coherent scattering lengths of the two protons. However, the real situation is
different for the molecular system. As the neutron wavelength decreases, the molecular cross
section grows due to the effect of the intramolecular transitions (cf. the continuous line in the
figure) and this overcompensates the decrease of the elastic coherent term. In the upper figure,
we show the results from the MYK model. Here, the liquid para-hydrogen temperature is
still 16 K. However, we used an effective temperature of 45.3 K. The change in the effective
temperature results in a wider Gaussian factor in the expression for the cross section. The
consequence is twofold. On one hand, the cross section rises faster than the crude YK model
in the long-wavelength limit (a higher effective temperature increases the apparent flux of the
scattered neutrons). On the other hand, in the short-wavelength region, the rise of the cross
section due to the intramolecular transitions is smoother but starts at longer wavelengths.

We have shown that the theory accounts for an increase of the total cross section withλ

but this is not sufficient for the long-wavelength discrepancy that is observed in both figures 2
and 3 to be recovered. Also, the small fraction of ortho-hydrogen still present as an impurity
in the sample has a negligible effect with respect to the observed difference. Thus, some
extra argument should be invoked. Here, we will use some very simple heuristic arguments to
account for this behaviour.

In the region of the largeλ, the velocity of the neutron decreases and the interaction time
becomes so long that the scattering process is determined by the time integral of the interaction
of the target molecule with its first-neighbour shell. In other words, we expect, at very long
wavelength, the neutrons to feel a continuous distribution of particles and the target molecule
to react with aneffective massthat ismuch largerthan the true molecular mass. In order to
check this hypothesis, we have evaluated the total scattering cross section using the MYK
model and testing the effect of the molecular mass on the behaviour of the total cross section.
To this end, we have changed the molecular mass in the calculations and we have assumed
that each hydrogen molecule is composed of two protons at a distanceDe apart, and a point
mass of 24 amu placed at the centre of mass. This choice would take into account the fact that
the neutron recoil should be determined not just by the single molecule, but also by its twelve
nearest neighbours. The results of the calculation are reported in figure 5. Apart from in the
low-wavelength region, where the calculation results rise too early, we see that the model is
closer to the experimental data and that the correction imposed by this hypothesis significantly
improves the agreement with the experimental results.

4.2. The high-energy limit

The high-energy limit of the calculations can be tested using the Fermi relation [17]:

σ∞ = σbound

(
1 +

m

M/2

)−2

(14)

whereM/2 is the mass of the target atom. Alternatively, in order to check the behaviour
of the cross section in a range of large but finite energies, one can evaluate, analytically, the
high-energy limit of the YK theory. To this end it is necessary, first, to recast equation (8) as
follows:

1E(1J, 1v) = h̄2k2
0

2m
− h̄2k2

1

2m
− E1J − E1v − h̄2Q2

2M
(15)



The total neutron cross section of liquid para-hydrogen 10239

0 1 2 3 4 5
0

10

20

30

40

50

60

 exp. T =16 K
 MYK+Meff(12)

si
gm

a 
(b

ar
n/

m
ol

ec
ul

e)

λ(A)

Figure 5. Comparison between the experimental results and the MYK model using a 26 amu
effective mass. The model rises too early, decreasingλ, but the long-wavelength limit is now in
better agreement with the experimental points.

wherem is the neutron mass, andE1v andE1J represent the vibrational and rotational energy
jumps, respectively. When the energy of the incident neutron becomes very large with respect
to bothE1v andE1J , the intramolecular energy terms in equation (15) become negligible and
their effect can be accounted for by assuming that the recoil mass,M, is substituted for with
theatomicmassM/2 [13]. Therefore, equation (15) becomes simply

1E = h̄2k2
0

2m
− h̄2k2

1

2m
− h̄2Q2

M
= h̄2

m
(k0 · Q) − h̄2Q2

2m
(2γ + 1). (16)

A direct consequence of equation (16) is that the Gaussian factor in equation (2) can be pulled
out and, after some straightforward calculations, the equivalent of equation (10) becomes

σ(E0) = h̄2

mk0

∫
dQ

Q

(
M

2πkBT h̄2

)1/2

exp

[
− M1E2

2Q2h̄2kBT

]
v(Q, 0). (17)

The functionv(Q, t) has been introduced in reference [9]. However, here we need only the
t = 0 value of this function, which, for low-temperature liquid hydrogen, becomes simply [9]

v(Q, 0) = 2(a2
coh + a2

inc) + 2

{
a2

coh − a2
inc

[
1 − 4

3
X(o)

]}
I (α

√
2, 2β)

' 2(a2
coh + a2

inc) + 2

{
a2

coh − a2
inc

[
1 − 4

3
X(o)

]}
exp(−2α2)

sin(2β)

β
. (18)
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Substituting equation (18) into equation (17), it turns out that the total cross section is
given by a sum of two contributions:

σ(E0) = σ1(E0) + σ2(E0). (19)

The first term,σ1(E0), has a structure similar to that of an ideal gas and therefore can be
evaluated immediately (see, for example, section 3.7 of reference [16]). The result is

σ1(E0) = 4π
2(a2

coh + a2
inc)

(1 +γ )2

{
8(

√
ε)

(
1 +

1

2ε

)
+

1√
πε

exp(−ε)

}
(20)

where8(x) is the error function of real argumentx.
The second contribution,σ2(E0), is more involved. However, the 3D integral can still

be reduced, after some tedious but straightforward calculations, to a 1D integral over a finite
interval [18]. The result is

σ2(E0) = 2(a2
coh − a2

inc)
γ

k0De

√
ε

π
I2(E0) (21)

whereI2(E0) is defined as

I2(E0) = 2π

√
π

b

∫ 1

0
dx exp(−εγ 2x2) Im[w(z) + w(z∗)] (22)

andw(z) = exp(−z2)[1 − 8(−iz)] is the error function of complex argument [19], with
z = (−iax + c)/b and the real constantsa, b, andc, defined as

a = εγ 2(γ + 1) (23)

b =
√

64(E0/Ev) + εγ 2(γ + 1)2 (24)

c = k0De. (25)

The numerical integration of equation (22) is trivial and the results are reported in figure 6,
together with the measured cross section and the results from the MYK model.

We observe that the analytical calculation (in the high-energy limit) agrees with the
experimental results in the region beyond 1 eV, while the result for the MYK model seems to
diverge at high energy. This is probably due to numerical problems that affect the evaluation of
the model when many rotational and vibrational levels have to be included in the calculations.

5. Conclusions

The total neutron cross section of liquid para-hydrogen is affected both by intramolecular
and intermolecular features. The intramolecular features can be accounted for almost exactly
using the YK theory. This is a molecular model where the spin correlations, rotations, and
vibrations are taken into account exactly, to the extent that vibration–rotation coupling can
be neglected and that the vibrations can be considered harmonic. However, the YK theory
does not account for the intermolecular interactions. An oversimplified way of taking the
intermolecular interactions effectively into account can be found using the MYK model, where
the kinetic energy of the molecular centre of mass is renormalized using the results of the PIMC
simulations of liquid para-hydrogen. In this way we observe a significant improvement of the
agreement between the measured and the computed total neutron cross section (cf. figure 3).
However, some differences still remain in the intermediate region ofλ, which extend also
to the long-wavelength regime. Improving the agreement in the intermediate region ofλ is
rather difficult, as it is necessary to evaluate the details of the intermolecular interactions, and
therefore microscopic structural information is needed. Dealing with the long-wavelength
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Figure 6. The total neutron cross section of liquid para-hydrogen (T = 16 K) as a function of the
incident energy. Comparison between the experimental results and the various models. The MYK
model is represented by the full line. In the low-energy region we use a heuristic effective mass
of 26 amu (dotted line).The dashed line represents the high-energy limit of the YK theory that has
been solved analytically. The overall agreement is very good and covers the whole energy range.

region, instead, appears less demanding. In fact, a simple increase of the molecular effective
mass seems to improve the agreement in this region quantitatively.

Even though the inclusion of an effective mass improves the agreement between the
experiment and the calculation to a semi-quantitative level, it seems that a larger effective
mass would be necessary to make it better. However, the inclusion of more neighbours in the
effective-mass model does not seem realistic. Therefore, we are led to conclude that some
effect should also be attributed to the zero-point motion of the intramolecular vibrational mode
which provides a kinetic energy reservoir for the two protons. This is an interesting hypothesis,
but to exploit it to its full extent exceeds the scope of the present work.

As regards the high-energy limit, the model seems to suffer when many rotational and
vibrational levels are included in the calculation (i.e. beyond 1–2 eV). However, in this case,
we could obtain much better results by evaluating, analytically, the high-energy limit of the
model.

In conclusion, we have shown that, using very simple heuristic arguments, a semi-
quantitative description of the total neutron cross section of liquid para-hydrogen can be
obtained over a very wide energy range. From the results reported in figure 6, we observe
that the model describes quite well the total cross section of liquid para-hydrogen over the
whole energy interval beyond 5 meV—that is, the energy range generally used in a spallation
neutron source experiment. We are confident that this information will help us in extracting
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microscopic structural information from the large incoherent background that is present in the
diffraction data for liquid para-hydrogen.
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